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Example : measure the temperature
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Where does the average come from?
Define lost function JLT)

JLT) = É Ii -1-5 least
i=n

Then : I = asg my
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Another example : linear regressor
D ji 5--4+-6it

coefficients% to
✗ be found .

Least squares :
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satisfy

! §¥=_ ° , §§-=o → a-Foes
in lab6 .



Whatdo these problems have
in common? "noise"

>

general form: i
=H8 + E

(unknown)

yymochl parameters
observation sew:T,99,bi)
operator

I measuremets) H tR**Pmodel ->

Ex1: H =1

it RM2x2:H =(? Ee RP



Linear leastsquares:
8 =arg min (8),518)=

115-HE
↑

I 2-nomen
Question:Is a unique?
Stationary points:DoT=8

80n518)
=80x(yi-[HijG]j =1
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grouping all terms Joni - - - Iop :

DoJ = -214T (8+11-8)=-8
←→ LHTHJ F- = It's

8 isya when ÉtiÉbb /Hiserank
This occurs when pen ,

and

at least p rows of He
RHP

care e. i.
f- gas

measurements need to
be "different

"



Is the stationary pointa minimum?

In one variable, one decks if do so
d

In more variable, the Hessian needs to
bepositive definite:OK ifHisfullrank
-D HTH is pos, def.

Complexity ofFHE- #s (Plsystem)
0(pen) 0(Pm)

3

+Solving linear system:O(P)



For a general matrix H,
we can solve the optimization
in 0 (P)+0µm) +0Cpm) ops .
What if pin are large? .pk#@
or It is not sparse ?



Gradient descent
given 80 , for K= 0

,
. . . .
Marit

Ekta = 8K - ✗ DEF(BK) ,
✗ c-IR

.

→

Important ! For using GD with several
variables

, all
"E " need to have

same dimensions
, s.t.cn] = [55

' [Éf
Question : How to choose✗ to

ensure convergence ?



Answer : using Taylor (as in unit 1)
018kt) = 9184 + tgotor-D.com-1 fry

f- dot
modest

+12@KIEKJS.EC
"
-8)

E- Hessian
constant if

since in gradient descent
5 is quadratic)

8kt ' -8k = - 2%8184



Then , 0-(8*1)=9189-2111201122Thegrad . descent +¥}←s-mondecrease the
cost function if Io 111×14
←→

. ¥-417091B <All Doon?
=Ñs× .

r

so if : EYE < I - f-×

It holds for .*)



But note that m¥ xtsxxtx = Imax

with Imax the largest eigenvalue of 5.

for Good .

descent
=D µ<¥a • to converge .

The closest you take
✗ → Ema

the fastest will be the convergence,
but this also depends on the

initial guess



Whataboutthe complexityof
gradient descent?
· Building HTH:0(pn)

as before

Compations of Xrax.
With power iterations (lab 7)

o(mpp2)M

#of power
X Grad. Descentiters iterations)

D(.pit)matrix-rectormultiplication.



Total 0 (p
?a) to ftp.pyt-0/pm..naxit)

grad desc !

Us
01ps) t - - -

Direct
computation

BUT : if It is sparse ,then
complexity computations will charge

→ project .



Regularized least squares
lineExample .
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infinite
lines passing ithrough Knbr) ✗n

→ non-unique solution

why ? I data point , but
2 porous

to estimate f.slope + intersect).



on missing dataEFI:*.
As

I.sn?II+?→
"create

"
more

→ often not good
to do .

Assume something
on parameters
f- wewill do

this



graphically , timeline
estimate

only
"

guess
measurement line

"

Mathematically :
8181--118-11-811713118 -80112m

"

prior
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tlposdf -given. Known value
some

B> ° - convenient forthegu
given matrix noon



Example for 1 parameter .

%) = µ - ga
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Term PUB -②• life is called
"regularization

"

eougenamiyf.I.net
full
rank

Graphically :
Ily -HERJ

÷ ÷E1=00 I

true value. →£0 On

Rework : you also can add regularizationwhen His full rank - (posed)



Last question:is * unique?
Yes:Do: -2HT+2 HHE

+2M(8-80
So, the stationary points satisfy

CHTH +BM)8* =HY+ BMO
-

e

seri-pos Sym
poschf

(not inertible) >invertibletee
symen,pos, def ->

invertible! I


